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Torque Shaping Using Trigonometric Series Expansion
for Slewing of Flexible Structures

Jinyoung Suk,¤ Jong-Yun Moon,¤ and Youdan Kim†

Seoul National University, Seoul 151-742, Republic of Korea

Optimal torque shaping based on a trigonometric series expansion of modi� ed bang-bang input is obtained for
simultaneous slewing and vibration suppression of � exible structures using a reaction wheel. Vibration energy is
analyzed vis-a-vis maneuver time, torque shaping parameter, and number of terms to be used in a trigonometric
series. Analytic expressions of performance indices and their derivatives are derived in modal space. A gain set
of a tracking controller adopting Lyapunov stability theory is optimized to guarantee accurate targeting for the
systems with/without external disturbances. Open-loop and closed-loop controls are applied to the � exible single-
axis structure with a central hub and fourcantilevered appendages. It is veri� ed throughnumerical simulation that
the � exible structure shows good slewing capability and excellent vibration suppression when adopting open-loop
torque shaping. Moreover, the Lyapunovtracking control law shows no performance degradation during/after the
maneuver even in the presence of external disturbance.

Introduction

R APID retargetingand tracking missions will be needed for fu-
ture applications where it is necessary to achieve precision

pointing and vibration control of a structure during maneuvers.
Therefore, simultaneous control of slewing and vibration suppres-
sion of � exible space structures has been an important research
area during recent decades.1¡3 To solve this problem, a near-
minimum-time tracking law based on Lyapunov stability theory is
introduced,2;3 and various torque shaping methods have been de-
veloped to avoid exciting the high-frequencydynamics of a � exible
system.4¡8 Following the work of Junkins et al.,2 we have sought an
alternative to get the shaped torque that may not excite the natural
frequency of the � exible appendages. This can also be effectively
studied in the frequency region, and there are some interesting ar-
ticles on the subject; Baruh and Tadikonda’s4 and Aspinwall’s5 are
among them.

The objectiveof thispaperis to presentacontrollawmodifyingin-
put torqueshapingfor slewingandvibrationsuppressionof a � exible
structurebasedon Fourierseries expansion.We considersingle-axis
maneuvers of a rigid hub with four identical cantilevered � exible
appendages. A mathematical model is developed using the � nite
element method assuming the � exible appendage to be an Euler–
Bernoulli beam. A reaction wheel mounted on the central hub is
used for slewing and vibrationsuppression.The input torque pro� le
for slewing is represented by Fourier series expansion, and the co-
ef� cients of the trigonometricseries are adopted as design variables
to determine the input shape by an optimization procedure. Simple
Fourier series expansion of the bang-bang type command is taken
as the reference torque, and by minimizing the reference torque and
modi� ed-shapingtorque, the peakmagnitudeof the resultant torque
may be lowered. The performance index consists of three objective
functions: 1) vibration energy of the appendage during the maneu-
ver, 2) vibration energy at the end of the maneuver, and 3) mean
square error between the reference torque and the modi� ed shaping
torque. Constraints are imposed on � nal target angle to guarantee
rest-to-restmaneuver. The analytic expression of the cost functions
is derived using the modal coordinates. To apply a gradient-based
optimization technique, derivatives of each objective function and
constraint with respect to the design parameters are required. To
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obtain accurate and ef� cient results, a sensitivity analysis that an-
alytically determines the derivatives of the performance index and
constraint is also performed.

This paper is organized as follows. First, the hub–appendage
structure with the reaction wheel is modeled to derive the govern-
ing equation. The vibration energy of the structure with the shaped
control input based on Fourier series expansion is investigatedwith
respect to the shaping parameter of the reference torque, maneuver
time, and the number of trigonometric functions included in the se-
ries. Analytic expressionsof the objective functions are derived for
open-loop control with the reaction wheel using the modal coordi-
nates.The sensitivityanalysis is also performedfor the performance
index and constraintwith respect to the design parameters.An opti-
mal trackingcontrolleris designedusingLyapunov’s stabilitytheory
to get the feedback type control law. The control gain set is opti-
mized so that the overall system may follow the referencemaneuver
in the presence of external disturbance. Finally, numerical results
are shown and discussed.

Optimal Torque Shaping
Dynamic characteristicsof three-axesstabilization� exible struc-

tures can be described using structural modes in addition to rigid
modes:Three translationalmodes are used to express the orbital dy-
namicsand threerotationalmodesdeterminetheorientationofstruc-
tures. In this study, a single-axis maneuver with vibration modes is
considered to investigatethe dynamics of the � exible structures and
to design the optimal input torque.

Consider the planar rotational/vibrational dynamics of a � exible
structure consisting of a rigid hub with four identical cantilevered
� exible appendages, as shown in Fig. 1. Considering rigid and an-
tisymmetric structural modes, the governing equation of motion is
obtained using the � nite element method9

M Rx.t/ C K x.t/ D Fu.t/ (1)

where

M D
Jh C 4Mµµ 4Mµ º

4M T
µ º 4Mºº

; K D 0 0T
1 £ 2n

02n £ 1 4Kºº

F D

1

0
¢ ¢ ¢
0

Note that Mµ µ is a moment of inertia of each appendage, Mµ º is a
couplingmatrixbetweenthe rigid andstructuralmodes,and Mºº and
Kºº are mass and stiffnessmatricesof the beammode, respectively.9
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Fig. 1 Hub–appendage � exible struc-
ture system.

Fig. 2 Modi� ed bang-bang input and Fourier series expansion.

The states are composedof the rigid mode and the � exibledynamics
of the elastic modes as follows:

xT D [2 w1 µ1 w2 µ2 ¢ ¢ ¢ wn µn]

where 2, wi , and µi are hub angle, bending displacement, and an-
gle of ith � nite element node, respectively. It is well known that
the constrained minimum-time solution requires a bang-bang type
control input. However, an abrupt change of input torque excites the
structural modes, which degrades control performance and causes
residualvibrationafter the maneuver. In this study,Fourierseriesex-
pansion is used to reshape bang-banginput so that structural modes
may not be excited much, and modi� ed bang-bang input is consid-
ered to shape the Fourier series using the shaping parameter ±, as
shown in Fig. 2. Introductionof ± enables much reduction of resid-
ual vibration. The Fourier series of the modi� ed bang-bang input
can be expressed as follows:

u.t/ D
N

i D 1

ai sin
i¼ t

t f =2
(2)

where

ai D ¡2.umax=i¼/ cos i¼f1 ¡ cos.1 ¡ ±/i¼g

and umax is the maximum value of the modi� ed bang-bang input as
a function of target angle 2 f , which is obtained as follows:

umax D 4.Jh C 4Mµµ /2 f

.1 ¡ ±/2t 2
f

In this study, target � nal angle is set to be 60 deg. The maneuver
time t f , the number of terms N of the trigonometric series, and
the shaping parameter ± control the smoothness of the modi� ed
shaping torque and, therefore, the vibrationenergy of the system. A
judicious set of parameters (t f ; N , and ±) for the global minimum
energy may be obtained by roughly searching the whole region on
the three parameters. In this study, the � rst seven terms are included
to shape the control input. Figure 3 shows the vibration energy of
� exible structures with respect to ± and t f , whereas N is set to 7.
The vibration energy is de� ned as a weighted sum of kinetic and

Table 1 Vibration energy and maximum torque characteristics
for speci� ed maneuver time (± = 0.12)

Maneuver time, s: 2.89 3.22 3.54 3.86 4.18

Vibration energy 461 202 100 64 48
Maximum torque, Nm 1.14 0.92 0.76 0.64 0.55

Fig. 3 Vibration energy for various parameters.

potential energy of the structure during and at the end of maneuver
as follows:

E D °1

t f

0

4xT
º Kººxº C 4 PxT

º Mºº Pxº dt

C °2 4xT
º Kºº xº C 4 PxT

º Mºº Pxº t D t f

where °i is a weighting factor and xº is the coordinatevector, which
consists of the transverse de� ection and rotation at each node of
the appendage. The weighting factor °i is chosen to balance the
contributionof each term.

Figure 3 shows that the vibration energy reaches local maxima
whenever the maneuver time approaches the multiple of the fre-
quency of the � rst structural mode. Viewing the vibration energy
surface in the ± axis, we can � nd a valley extracting ± D 0:12. Also,
viewing in the t f axis, we can � nd that the vibration energy de-
creases as t f increases, showing local minima and maxima. It is
obvious that the initial setup for t f should be one of those points
that render localminima. However, the maximum torquegets higher
when t f becomes smaller, as listed in Table 1. In this study, t f is set
to be 3.22 s, consideringlocal minimum of the vibrationenergy and
maximum allowable torque for the reaction wheel.

To perform the modal coordinate transformation, we introduce
the general modal coordinate transformation

x D 8´ (3)

where 8 is the modal matrix satisfying the biorthogonality condi-
tions and

8T M8 D I ; 8T K 8 D diag : : : ; !2
i ; : : : ´ 3 (4)

For the rest-to-rest maneuver, the transformed equation of motion
with zero initial conditions becomes

Ŕi C !2
i ´i D Ãi

N

j D 1

a j sin ! j t (5)

where Ãi is the i th element of 8TF and ! j is 2¼ j=t f . For the case
that !i 6D ! j , the solution of Eq. (5) is given by

´i .t/ D Ai sin !i t C Bi cos!i t C
N

j D 1

ci j sin ! j t (6)
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The coef� cient ci j can be chosen as

ci j D Ãi a j

!2
i ¡ !2

j

(7)

The other coef� cients Ai and Bi can also be obtained using initial
conditions as follows:

Ai D ¡
N

j D 1

! j Ãi a j

!i !2
i ¡ !2

j

; Bi D 0 (8)

SubstitutingEqs. (7) and (8) into Eq. (6) yields the solution in modal
coordinates as

´i .t/ D
N

j D 1

®i j sin ! j t ¡ ! j

!i
sin !i t (9)

Ṕi .t/ D
N

j D 1

¯i j fcos ! j t ¡ cos !i tg (10)

where

®i j D Ãi a j

!2
i ¡ !2

j

; ¯i j D ! j Ãi a j

!2
i ¡ !2

j

In this study,performanceindexis de� nedso that thevibrationen-
ergy during the maneuver and the residual variation are minimized.
The performance index consists of three objective functions: 1) vi-
bration energy of the appendage during the maneuver, 2) vibration
energy at the end of the maneuver, and 3) the mean square error be-
tween themodi� ed bang-banginput and the reactionwheel torque to
be optimized. The performance index can be expressed as follows:

J D
3

i D 1

¯i Ji

where ¯i denotes a weighting factor.
The objective function J1 represents the vibration energy of the

� exible structure during the maneuver as follows:

J1 D
t f

0

m

i D 0

!2
i ´2

i C Ṕ2
i dt (11)

where ´0 is the modal coordinate of the rigid mode, ´i .i D 1;
2; : : : ; m/ is the modal coordinateof the structural modes, and m is
the number of � exible modes to be considered. Using Eqs. (9) and
(10) in Eq. (11), the analytic expression of J1 can be obtained as

t f

0

!2
i ´2

i .t/ dt D
N

j D 1

!2
i ®2

i j

t f

2
C

N

j D 1

N

k D 1

!2
i ®i j ®ik

£
!k

2!i
.Pi j ¡ Mi j / C

! j

2!i
.Pi k ¡ Mik /

C
! j !k

2!2
i

t f ¡
sin 2!i t f

2!i

(12)

t f

0

Ṕ2
i .t/ dt D

N

j D 1

¯2
i j

t f

2
C

N

j D 1

N

k D 1

¯i j ¯i k
t f

2
C

sin 2!i t f

4!i

¡
1

2
.Pi j C Mi j C Pik C Mik / (13)

where

Pi j D
sin.!i C ! j /t f

!i C ! j
; Mi j D

sin.!i ¡ ! j /t f

!i ¡ ! j

Pik D
sin.!i C !k /t f

!i C !k
; Mi k D

sin.!i ¡ !k/t f

!i ¡ !k

Note that the frequency of the rigid mode, !0 , is zero.

The objective function J2 represents the residual vibrationenergy
at the end of the maneuver

J2 D
m

i D 0

!2
i ´2

i C Ṕ2
i t f

(14)

SubstitutingEqs. (9) and (10) in Eq. (14), we can obtain the expres-
sion of the residual vibration energy at the � nal time as follows:

!2
i ´2

i .t f / D
N

j D 1

N

k D 1

®i j ®ik ! j !k sin2 !i t f (15)

Ṕ2
i .t f / D

N

j D 1

N

k D 1

¯i j ¯i k.1 ¡ cos !i t f /
2 (16)

To reducepeakmagnitude,we adopt theobjectivefunction J3 that
takes the mean square error between the modi� ed bang-bang input
(shown in Fig. 2) and the reaction wheel torque to be optimized. It
can be formulated as follows:

J3 D
u2

max.1 ¡ ±/t f

2
C

t f

4

N

i D 1

a2
i

C
umax t f

¼

N

i D 1

ai

i
[cos¼ i ¡ cos ±¼ i ] (17)

Two constraints are imposed on � nal conditions to guarantee the
rest-to-restmaneuver.Final target angle should be equal to 2 f , and
the angularvelocity shouldbe zero at the end of maneuver.Consider
the rigid-body equation acted on by the control input

I R2.t/ D
N

i D 1

ai sin !i t (18)

where I D Jh C 4Mµ µ , the total moment of inertia. Integrating
Eq. (18) using the initial rest conditions and evaluating the value
at t D t f yield

I P2.t f / D
N

i D 1

ai

!i
.1 ¡ cos !i t f / D 0 (19)

I2.t f / D
N

i D 1

ai

2¼i
t 2

f (20)

Equation(19) is satis� ed automaticallybecause!i D 2¼ i=t f . There-
fore, the minimum requirement to achieve the rest-to-restmaneuver
can be expressedby Eq. (20). Derivatives of objective functions are
required for applying the gradient-based optimization algorithm.
The analytic expression of the performance index during the opti-
mizationprocessnotonlyreducescomputationaltime, but alsogives
a better solution for the optimization.Detailed analytic expressions
of derivatives are given in the Appendix.

Lyapunov Tracking Control Law
In the preceding section, the analytic formula for evaluating ob-

jective functions for optimal open-looptorque input imposed on the
reaction wheel is derived. The control law using optimized shaped
torque input usually yields good performance for the system with-
out externaldisturbance.However, a closed-loopcontrol law should
be included to guarantee the performance of slewing and vibration
suppression in the presence of signi� cant external disturbance. In
this section, the optimal tracking controller is designed based on
the Lyapunov stability theorem to follow the reference maneuver,
as well as to suppress inherent vibration caused by the motion of
the central hub.

The reference maneuver of the � exible structure is designed as
follows:

I R2ref.t/ D u ref.t/ (21)
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where u ref is the open-loopoptimized shaped torque for the reaction
wheel derived in the preceding section. The following error energy
Lyapunov function is selected to design the globally stable tracking
controllerconsideringtrackingerror energy and vibrationenergy of
the whole system:

2U D a1 Jh± P22 C a2±22

C 4a3

l

l0

½[± Pw C x± P2]2 dx C
l

l0

E I .±w00/2 dx
(22)

Using Eq. (22), the Lyapunov control law can be obtained as
follows3:

u.t/ D uref.t/ ¡ g1.2 ¡ 2ref/ ¡ g2. P2 ¡ P2ref/

¡ g3

l

l0

f½x. Rw C x R2/ ¡ ½x2 R2refg dx (23)

where l0 and l are the radius of hub and the length of appendage
plus the radius of hub, respectively. Using Eq. (23) in connection
with Eq. (1), the control input can be expressed as a function of the
system states and their � rst/second derivative as follows:

u.t/ D uext ¡ g12 ¡ g2
P2 ¡ g3

l

l0

½x2 dx R2 ¡
g3

4
Mµ º Rxº (24)

where

uext.t/ D g¤
3

R2ref C g2
P2ref C g12ref (25)

g¤
3 D Jh C .4 C g3/Mµ µ (26)

xº D [w1 µ1 ¢ ¢ ¢ wn µn ]T (27)

and Jh is the rotary inertia of the hub. Substituting Eq. (24) for
Eq. (1), the following closed-loop equation of motion is obtained:

NM Rx C NC Px C NK x D Fuext (28)

where

NM D M C g3 F
l

l0

½x2 dx
1

4
Mµº (29)

NC D F[g2 01 £ 2n ] (30)

NK D K C F[g1 01 £ 2n] (31)

In general, computational time and numerical accuracy are im-
provedutilizingthe coordinatetransformation.Equation (28) can be
made symmetric by multiplying from the second to the last row of
NM , NC , and NK by .1Cg3=4/, and symmetry is guaranteedirrespective

of the control gains. To optimize the control gain set and thereby
maximize theperformanceof slewingandvibrationsuppression,the
followingperformanceindex is de� ned for the closed-looptracking
control law2:

J . p/ D ·1

t f

0

.2 ¡ 2ref/
2 dt C ·2

t f

0

. P2 ¡ P2ref/
2 dt C 4·3

£
t f

0

l

l0

·4½[ P! C x. P2 ¡ P2ref/]
2 C .E I !00/2 dx dt

(32)

where parameter vector p consists of the control gain set gi and ·i

are selected in consideration of the relative signi� cance between
the competitive objective functions. The choice of Eq. (32) as a
performance measure re� ects a desire to make the tracking error
and vibration energy as small as possible.

Table 2 Con� guration parameters
of the � exible structure

Parameter Value

Hub radius, m 0.20
Rotary inertia of hub, kg m2 1.2732
Mass density of appendage, kg/m3 2800
Young’s modulus of appendage, N/m2 7:5842 £ 1010

Thickness of appendage, m 0.0010
Width of appendage, m 0.0635
Length of appendage, m 0.8100

Numerical Simulation
A 60-deg rest-to-restmaneuver is simulated for the � exible struc-

ture shown in Fig. 1. Physical propertiesof the � exible structureare
listed in Table 2. Flexible appendages are modeled using 10 � nite
elements. After investigating the vibration energy of the � exible
structure as shown in Fig. 3, ± and t f are set to 0.12 and 3.22, re-
spectively.The following two steps are used to optimize parameters
related to the torque shaping. First, modi� ed bang-bang torque is
designed, as shown in Fig. 2, and initial values are assigned for
Fourier coef� cients in Eq. (2). Second, input coef� cients for the re-
action wheel are obtained such that they minimize the performance
indexwhile satisfyingthe constraintEq. (20). Optimized inputshap-
ing parameters for the reaction wheel are computed as follows:

a1 D 1:0098; a2 D 0:1504; a3 D 0:1968

a4 D ¡0:0364; a5 D ¡0:0046

a6 D ¡0:0905; a7 D ¡0:0640

The maximum number of coef� cients is limited to seven, because
the results using more coef� cients are almost similar to those using
only the � rst seven coef� cients.

Figures 4a–4c show simulated system responsesof hub angle, tip
de� ection of the appendage, and control torque driven by the reac-
tion wheel, respectively, using optimal open-loop torque shaping.
As shown in Fig. 4a, optimal torque shaping of the reaction wheel
results in good trackingperformance,whereas torque shaping using
only Fourier coef� cients without optimizationshows some discrep-
ancy in � nal target angle. We can state that optimization of torque
shaping parameters results in good vibration suppression perfor-
mance while satisfying� nal target angle.Figure 4b shows enhanced
performanceof vibrationsuppressionusing ef� cient torque shaping
by vanishing the residual vibration after the maneuver. Moreover,
we can enjoy improved vibration control using the reaction wheel.
Figure 4c shows comparative results on the reaction wheel torque.
This gives some indication of how the control input is rendered to
provide an ef� cient torquing for both slewing and vibration con-
trol. To achieve ef� cient vibration control of the appendage, elastic
energy caused by the appendage should be absorbed in the actua-
tor torquing; thereby, vibrating control torque should be entailed,
whose frequency spectra corresponds to those of the natural fre-
quencies of the whole � exible system. Note that the proposedopen-
loop torque shaping methodology deals with the deterministic case
so that we assume all of the dynamic information on the structure
to be known. Therefore, the slew performance, as well as the vi-
bration suppression performance, might be sensitive to parameter
variation. For example, the variation of E I does not affect the slew
performance, but does the vibration suppression:As the appendage
becomes stiffer, the vibration during the maneuver gets smaller and
vice versa. The variation of mass property affects the slew perfor-
mance as well. The primary objectiveof this work is to illustrate the
proposed open-loop torque shaping methodology. The robustness
problem of the methodology is still an open question for further
research.

To deal with the system with external disturbances, the control
gain set shown in Eq. (23) is optimized to follow the optimal ref-
erence pro� le applying the reaction wheel torque shown in Fig. 4.
Weighting factors ·i in the performance index are chosen as 107,
105, 70, and 35, respectively.Maximum and minimum values of the
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a) Hub angle

b) Tip de� ection

c) Reaction wheel torque

Fig. 4 Time histories using open-loop optimization.

control gain set are assigned as follows so that 1) the actuators may
not saturate and 2) stability is guaranteed:

0 · g1 · 1000; 0 · g2 · 1000; ¡3:99 · g3 · 1000

The optimal control gain set is determined as follows for a 60-deg
maneuver:

g D [989:99 240:02 339:99]

The optimal gain set obtained shows no better results than those in
open-loop control because there is no external disturbance torque,
and we can see that open-loop optimal torque shaping provides the
best results. However, we can see the distinguishableperformance
when adopting the closed-loop tracking controller in the presence
of disturbance. Figures 5–8 display the comparative time histories
of hub angle, hub angular velocity, tip de� ection of the appendage,

Fig. 5 Slewing performance, closed-loop hub angle response with ex-
ternal disturbance.

Fig.6 Slewing performance, closed-loophubangularvelocityresponse
with external disturbance.

Fig. 7 Vibration suppression performance: closed-loop with external
disturbance.

and control torque driven by the reaction wheel, with substantial
quasirandom (0.05-Nm strength) disturbance torques acting on the
reaction wheel. External disturbances are considered to be caused
by certain nonlineareffectson the actuatordynamics that are highly
correlated in time. It can be shown that the time histories of closed-
loop control track the reference maneuver quite well in spite of the
disturbingtorque.All theseresultsvalidatethe superiorperformance
of slewing and vibration suppression capability when adopting
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Fig. 8 Reaction wheel torque input: closed-loop with external distur-
bance.

closed-loopcontrolbasedon Lyapunov’s stability theory.Moreover,
as shown in Fig. 7, simulation results through gain optimization
show outstandingperformancein vibrationsuppressionaspects.As
a consequence, we can conclude that the Lyapunov tracking con-
trol law guarantees the slewing performance of � exible spacecraft,
and the performance in vibration control can be improved via an
ef� cient gain optimization procedure.

Conclusion
An effective input torque shaping method is developed to im-

plement both slewing and vibration control of � exible structures.
Open-loop torque shaping is based on Fourier series expansion of
modi� ed bang-bang input to achieve nearly minimum time maneu-
ver. Using open-loopoptimization results, the tracking controller is
designed to guarantee the global stability of the system in the sense
of Lyapunov.Time historiesadoptingopen-loopoptimization show
good performance on the tracking reference maneuver, matching
� nal target angle and zeroing residual vibration after the maneu-
ver. Moreover, it is veri� ed that, using the tracking controllerbased
on Lyapunov’s stability theory, stable maneuver and vibration con-
trol is possible in the presence of substantial external disturbances.
The proposed torque shaping method is easy to implement for ex-
perimental work because the resulting torque is continuous, based
on trigonometric series expansion.The method developedwill pro-
vide an ef� cient basis for implementing realizable torque shaping
of slewing � exible structures.

Appendix: Derivatives of Objective Functions and
Constraint Equation

The partial derivative of J1 [Eq. (11)] with respect to ak consists
of the following two components:

@

@ak

t f

0

!2
i ´2

i .t/ dt D
Ã 2

i !2
i t f ak

!2
i ¡ !2

k

2

C
N

j D 1

2Ã2
i !2

i a j

!2
i ¡ !2

k !2
i ¡ !2

j

!k

2!i
.Pi j ¡ Mi j /

C
! j

2!i
.Pik ¡ Mi k/ C

! j !k

2!2
i

t f ¡
sin 2!i t f

2!i

@

@ak

t f

0

Ṕ2
i .t/ dt

D
!2

k Ã 2
i t f ak

!2
i ¡ !2

k

2
C

N

j D 1

2! j !k Ã2
i a j

!2
i ¡ !2

k !2
i ¡ !2

j

£ ¡ 1

2
.Pi j C Mi j / ¡ 1

2
.Pi k C Mik / C

t f

2
C sin 2!i t f

4!i

The partial derivative of J2 [Eq. (15)] with respect to ak consists
of the following two components:

@

@ak
!2

i ´2
i .t f / D 2

N

j D 1

a j
Ã 2

i ! j !k sin2 !i t f

!2
i ¡ !2

k !2
i ¡ !2

j

@

@ak
Ṕ2

i .t f / D 2
N

j D 1

a j
Ã 2

i ! j !k.1 ¡ cos !i t f /
2

!2
i ¡ !2

k !2
i ¡ !2

j

The partial derivative of J3 [Eq. (18)] with respect to ak is as
follows:

@ J3

@ak
D ¯3

t f

2
ak C

umax t f

¼k
.cos ¼k ¡ cos±¼k/

The constraint equation [Eq. (20)] and the partial derivative are
as follows:

g D
N

i D 1

ai

i
¡ 2¼ I

t2
f

2 f D 0;
@g

@ak
D 1

k
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